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Abstract

Functionally graded materials composed of nickel-Al,O; composites with a variety of compositions and micro-
structures have been fabricated at the Idaho National Engineering and Environmental Laboratories. Finite element
analysis has been utilized to numerically model the residual stress distribution in a graded nickel-Al,O; joint, primarily
for the purpose of optimizing the architecture of the interface to resist failure. In this paper, the applicability of using
computationally efficient two-dimensional (2-D) analyses for modeling complicated three-dimensional (3-D) plate ge-
ometries are quantified for a specimen consisting of nickel and alumina plates joined by a 60 vol% Ni particulate rein-
forced composite interlayer to form a functionally graded joint. A 2-D generalized plane strain model is also introduced
for comparison. Overall, the results indicate that the generalized plane strain model with or without rotation of the rigid
bounding planes provides the most accurate description of the 3-D stress state, especially at the corner interface within the
elastic region. However, the plane stress model predictions are slightly better in the ductile regions while the plane strain
model predictions are better along the edge of the interface in the elastic region. Furthermore, 3-D effects are prevalent at
distances within approximately 1/2 of the specimen thickness from the edge singularity in the elastic region of the specimen
on the free surface and within 1/8 of the specimen thickness below the free surface. In addition, the intensity of the stresses
near the corner of the 3-D model appears to increase as the specimen thickness increases, and is greater than the intensity of
the stresses predicted at corresponding locations in the 2-D models. © 2001 Published by Elsevier Science Ltd.

Keywords: Functionally graded materials; Metal-ceramic composites; Thermal residual stresses; Elastoplastic finite element analysis;
Generalized plane strain; Plane stress

1. Introduction

The thermomechanical behavior of a joint has a significant effect on its structural integrity. In particular,
the effects of thermal stresses (induced, for example, during operation or manufacturing) on the fracture
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behavior of the joint are of interest. These effects are most pronounced when investigating joints composed
of materials with vastly dissimilar material properties, such as metal/ceramic, metal/epoxy, and carbon
fiber/epoxy. The effects of residual stresses on crack growth behavior have been previously studied in brazed
(He and Evans, 1991; Bartlett et al., 1991; Kweon and Choi, 1995), coated (Drory et al., 1988; Chara-
lambides and Evans, 1989; Howard et al., 1994), and adhesive joints (Fleck et al., 1991; Akisanya and
Fleck, 1992; Daghhiyani et al., 1996). These studies have concluded that the residual stresses have a sig-
nificant effect on the crack growth behavior, usually reducing the fracture toughness of the joint.

Recently, research has focused on optimizing joint strength by grading the material properties within the
joint region to form a functionally graded joint. Analytical and numerical attempts to characterize the
stress distributions and crack growth behavior within the joints have primarily centered around one- and
two-dimensional (2-D) models (Lee and Erdogan, 1995; Giannakopoulos et al., 1995; Watanabe et al.,
1991; Williamson et al., 1993; Rabin et al., 1998). For cylindrical joints, axisymmetric 2-D analyses can
provide reasonably accurate predictions of residual stress distributions (Giannakopoulos et al., 1995;
Williamson et al., 1993; Rabin et al., 1998). However, for joints with plate geometries, three-dimensional
(3-D) models may be necessary for accurate predictions. Numerical attempts to predict residual stress
distributions in graded plate joints have typically used approximate 2-D models (Lee and Erdogan, 1995;
Giannakopoulos et al., 1995). However, the accuracy of these models has not been verified either nu-
merically or experimentally. Proper modeling of the residual stresses is critical to understanding the fracture
behavior of graded joints, especially when the effects of out-of-plane bending deformations induced by the
thermal expansion mismatch are considered.

In this paper, a 3-D model is utilized to predict the residual stress distribution in a joint composed of a
nickel and alumina plate joined by a 60 vol% Ni particulate reinforced composite interlayer. The results
from this model are then compared with results from three different 2-D approximations: plane stress, plane
strain, and generalized plane strain. To determine which approximation is most appropriate, often referred
to as 3-D effects, stresses that have the most influence on interfacial failure will be analyzed in the joint. For
example, in the alumina portion of the joint, the oy, singularity initiates debonding, while the Mises stress
distribution indicates the level of constraint imposed on cracks growing transversely to the interface in the
nickel and composite regions.

2. Model description
2.1. Approach

The numerical model used in this work consists of a thermomechanical, elastoplastic finite element
methodology that was previously developed and experimentally validated at the Idaho National Engi-
neering and Environmental Laboratories for optimizing thermal residual stress distributions in functionally
graded Ni-Al,O; joints (Williamson et al., 1993; Rabin et al., 1998). Continuum models were used to
compute the strains and stresses that develop in Ni-Al,O; specimens as they are cooled to room tempera-
ture from an assumed fabrication temperature of 1100 K. Uniform cooling (i.e., no thermal gradients) was
assumed and time-dependent material properties (i.e., creep phenomena) were not considered. These as-
sumptions would reasonably correspond to the situation expected, for example, with relatively fast cooling
in a furnace after high-temperature diffusion bonding.

Numerical solutions were obtained with the ABAQUS computer program (ABAQUS, 1996). ABAQUS uses
a finite element numerical approach to obtain solutions to the partial differential equations of equilibrium
in Lagrangian form. Since the material response involves nonlinear plastic behavior, solutions were ob-
tained as a series of cooling increments, allowing iterations within each increment to obtain equilibrium.
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Approximately 15 increments were required for a typical calculation. All simulations utilized second order
(quadratic) reduced integration elements.

For the 2-D analyses, three different geometric approximations were investigated. These are (a) plane
stress, (b) plane strain, and (c) generalized plane strain. While either plane stress or plane strain are typically
used for 2-D modeling, the generalized plane strain may be more suitable for thermomechanical problems
where thermal expansion mismatch exists. The reason for this stems from the model’s ability to relieve some
of the out-of-plane constraint imposed by the plane strain model while accommodating the level of con-
straint expected from the thermal expansion mismatch. The generalized plane strain model will be discussed
in more detail in Section 2.3.

2.2. Specimen geometry and numerical formulation

The specimen geometry chosen for this model was a flat plate 25 x 25 mm? with a variable thickness
(Fig. 1). The material comprising the model consisted of equal size Ni and Al,O; sections joined by a 4 mm
wide section of 60%Ni—40%Al,0; particulate reinforced composite. Mechanical properties for each ma-
terial were measured and are shown in Table 1 (Bruck and Rabin, 1999). The geometry and materials used
in this model are the same as will be used in the manufacture of functionally graded Ni—Al,O3; compact
tension specimens for fracture testing.

A2

ALO,

25 mm Al,0,-60 vol.% Ni

3.
»

< 25 mm

Fig. 1. FGM specimen configuration and meshing used for 2-D FEM.

Table 1
Material properties used in FEM simulations
Material 300 K 900 K
E (GPa) v ay (MPa) oy, (MPa) E (GPa) v ay (MPa) oy, (MPa)
Ni 208 0.31 18 75 166 0.31 15.3 94.8
Composite 219 0.29 80 192 171 0.29 56 63.8

ALO; 380 0.25 N/a N/a 380 0.25 N/a N/a
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B

Fig. 2. Meshing used for 3-D FEM.

The use of a single composite material for the interlayer in the numerical model and fracture tests is
motivated by the need to establish a tractable methodology that accounts for the effects of thermal residual
stresses on the fracture behavior of functionally graded materials (FGMs). By minimizing the number of
interfaces and materials that comprise the FGM, it is easier to distinguish errors that may be made in
developing the methodology. This approach was used in previous efforts to validate modeling of thermal
residual stress fields in FGMs (Rabin et al., 1998).

The mesh used for all 2-D analyses is shown in Fig. 1. The left boundary of the mesh corresponds to an
axis of symmetry and therefore was fixed in the horizontal direction. All other boundaries were free, thus
bending was permitted during cooling. The rectangular mesh for the graded specimen consisted of 21 rows
of elements in the Ni and Al,O; sections, 14 rows in the interlayer, and 20 columns of elements through the
half-width of the specimen. The mesh was refined near the graded interfaces and the free surface of the
specimen since the largest stress and strain gradients occur in these regions.

For the 3-D finite element analyses, the 2-D mesh was extruded into five layers spanning from the free
surface of the specimen to the plane of symmetry (Fig. 2). The two free surfaces of the specimen are defined
by the set of points ABD and BCF, while the two symmetric surfaces are defined by the set of points ADE
and CEF. As in the 2-D case, the layers were refined near the free surface of the specimen where the largest
stress and strain gradients were expected. Since 3-D effects on 2-D stress states may vary with specimen
thickness, specimens with thicknesses of 3 and 20 mm were analyzed in this investigation.

2.3. Generalized plane strain

In the generalized plane strain approximation, it is assumed that the model lies between two bounding
planes that may move as rigid bodies with respect to each other. This boundary condition is instituted in the
standard 2-D model by the addition of two nodes (ABAQUS, 1996). The first node has a single degree of
freedom that represents the relative out-of-plane displacement of the bounding planes. The second node has
two degrees of freedom that permit out-of-plane rotation of the bounding planes. Combined, these nodes
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provide a degree of freedom for out-of-plane strain that can vary only with in-plane position. The case
where the bounding planes are required to remain stationary corresponds to plane strain.

The generalized plane strain model has many advantages over plane strain and plane stress. It permits a
more accurate modeling of problems where specimen thickness is varying. Also, it allows for nonuniform
thickness variations due to the loading condition. In the case of functionally graded joints, both conditions
can apply.

While the generalized plane strain model permits out-of-plane strain, the final deformed configuration
will only approximate the condition of equilibrium in the out-of-plane direction. Unless otherwise specified
by the nodal boundary conditions, the deformed configuration for the rigid bounding planes will minimize
out-of-plane loading. For the case of the functionally graded joint, the end result will be an induced out-
of-plane bending moment due to differences in thermal contraction. For a very thick plate this condition
will be appropriate. However, for a thin plate the bending moments will be minimized and this condition
may not apply. Therefore, for this case it will be more appropriate to set the initial and final values of
rotation for the bounding planes to zero so that they remain parallel during deformation. For the purpose
of this investigation, both the generalized plane strain condition where the rotation of the bounding plane is
constrained and the condition where it is unconstrained will be investigated.

3. Results and discussion

In order to determine 3-D effects on 2-D finite element models of functionally graded Ni—Al,O; plate
specimens for the purposes of optimizing the graded architecture to resist failure, it is necessary to identify
those stresses which have the greatest influence on interfacial failure. In particular, there is a singularity in o,
as the graded interface is approached that can precipitate interfacial debonding. Additionally, ductile base
materials are often used in graded joints to arrest cracks growing transverse to the interface by dissipating
energy through plastic work. This means that accurately modeling the level of constraint the interface im-
poses on the ductile regions of the joint, as indicated by the Mises stress distribution, will be important.
Therefore, results for the a5, singularity and Mises stress distribution become the focus for further analysis.

3.1. Singularity of o,

There is a singularity in the predicted stress state normal to the graded interface, a,,, that is qualitatively
similar for all three 2-D stress states. An example of the g, stress field can be seen in Fig. 3 for the plane
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Fig. 3. The oy, stress distribution for the plane stress case.
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stress case. Previous numerical studies conducted on singularities have indicated that data obtained from
within two elements of the singularity are erroneous (Whitcomb et al., 1982). Therefore, data from within
these elements were excluded from the analysis.

The predictions for the g, stress field from the 3-D models are also qualitatively similar. An example of
this stress field for the 3 mm thick specimen can be seen at the free and symmetric surfaces of in Fig. 4a and
b respectively, while the symmetric side through the thickness direction is shown in Fig. 4c. Notice that a
singularity exists along the entire interface at the free surface in the 3-D model, however it does not appear
in the 2-D model. This singularity also appears to be most significant in the alumina at distances near the
interface that are within 1/2 of the specimen’s thickness. The pronounced presence of the singularity in the
alumina is anticipated because of the alumina’s higher strength and purely elastic behavior. The stress
singularity is induced by differences in the thermal expansion normal to the direction of the singularity.
Since out-of-plane deformation is only incorporated into the generalized plane strain model, only the in-
plane component of deformation will contribute to the edge singularity in the plane stress and plane strain
models. However, the singularities are identical for the two generalized plane strain cases, which would
indicate that the singularity is insensitive to out-of-plane bending stresses near the interface.

(a) (b)
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Fig. 4. The o0y, stress distribution for the (a) free, (b) symmetric surface, and (c) symmetric side of a 3 mm thick 3-D model.
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It is important to note that the stress singularities along the interfaces for the 3-D models disappear
quickly below the surface at a distance of approximately 1/8 of the specimen’s thickness (see Fig. 4¢). Thus,
the 3-D effect along the interface seems to be restricted to the surface of the specimen and is not present on
internal planes, such as the symmetric surface of the specimen (Fig. 4a and b). Since data from the two
elements nearest the singularity were excluded and the 3-D models were only five elements thick, the
convergence of the results had to be tested by increasing the mesh thickness to seven elements. The pre-
dicted stress distribution in the refined mesh did not change substantially from the coarse mesh results, thus
it was determined that the coarse meshing was adequate for convergence. Previous numerical studies of
singularities concluded that the major effect of mesh refinement was to reduce the size of the two elements
nearest the singularity, thereby making it possible to acquire valid data closer to the singularity (Whitcomb
et al., 1982).

The stress state at the free surface of all three 2-D models appears to correspond well to the singularity at
the corner of the 3-D model. In order to obtain a more quantitative comparison of the predicted stress
states for all of the models, a log-log plot of oy, versus the radial distance normal to the interface, », which
has been normalized by half the specimen width, L, can be seen in Fig. 5a and b for the 3 mm thick and 20
mm thick specimens respectively. The motivation for this comparison comes from the asymptotic ex-
pression for the 2-D stress singularity at an interface between two purely elastic materials, as seen in Fig. 6
(Mizuno et al., 1988):

K )
oy(r,0) = W i7(0) + 0, fi0(0) (1)

where K is the thermal stress intensity factor, w is the stress singularity and so is a constant elastic stress
term related to the thermal mismatch in the materials. While L is defined for the 2-D models, the choice for
the 3-D models was not as apparent. It was decided that for the free edge singularities on the symmetric
surfaces the width of the symmetric surface would be appropriate, while for the corner singularity the width
of the wider surface intersecting the corner was used.

From these comparisons, it would appear that either case of the generalized plane strain model does the
best job of predicting the corner singularity in the 3-D specimen. However, the stress singularity along the
edge is also well predicted by the plane strain stress state. It is interesting to note that all of the singularities
along the interface of the 3-D model correspond well to 2-D predictions if the appropriate width is used to
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Fig. 5. The o0y, stress singularity for the (a) 3 mm thick and (b) 20 mm thick models compared with the 2-D models.
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Fig. 6. Specimen configuration for the bimaterial problem.

normalize the radial distance, as in the asymptotic expression for the 2-D stress state near a purely elastic,
bimaterial interface. Thus the 2-D models would appear to accurately predict the stress singularities in the
3-D models for internal planes normal to the interface.

Quantitatively, the intensity of the stresses at the corner of the 3-D models is equal to or greater than the
intensity of the stresses at corresponding locations in the 2-D models. This result is consistent with Ko-
guchi’s results from 3-D boundary element simulations of bonded structures subjected to mechanical
loading (Koguchi, 1997). Furthermore, the intensity of the corner stresses increases as the thickness in-
creases.

3.2. Mises stress distribution

While the g,, singularity appears to be appropriate for revealing 3-D effects in purely elastic materials
like alumina, the Mises stress distribution is a more appropriate indication of 3-D effects in ductile portions
of the specimen, such as the nickel and composite interlayer. The Mises stress distribution can be seen in Fig.
7a—d for the 2-D models. Results for the 3-D models were qualitatively similar between the 3 and 20 mm
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Fig. 7. The Mises stress distribution for the (a) plane stress, (b) plane strain, (c) generalized plane strain with parallel bounding planes,
and (d) generalized plane strain with rotating bounding planes models.

thick specimens. Therefore, only the Mises stress distribution on the symmetric and free surfaces of the 20
mm thick specimens is shown in Fig. 8a and b for comparison with the 2-D models.

In Fig. 8, the Mises stress state does not change appreciably through the thickness of the 3-D model,
even in the alumina portion of the model. The contributions of the a5, stress singularity to the Mises stress
on the free surface along the interface are evident in Fig. 8a. However, this singularity disappears on the
symmetric surface (Fig. 4b), while the Mises stress still exhibits evidence of singularity contributions along
the interface. These contributions come from the ¢; and a3; bending stresses, which disappear on the free
side and free surface respectively.

While the stress singularity in the alumina portion of the model is very apparent, the ductile portions
appear to be characterized by much weaker or totally absent singularities. The reason for this can be at-
tributed to the constitutive behavior of the ductile materials. While elastic stresses reach levels of over 400
MPa in the alumina portion, the ductile materials are much softer with yield stresses of less than 100 MPa.
Thus, the stress singularity that appears in the alumina can be substantially relieved by plastic deformation
in the ductile portions of the model resulting in much lower Mises stresses.
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Fig. 8. The Mises stress distribution for the (a) free and (b) symmetric surfaces of the 20 mm thick 3-D model.

In the 2-D models, the significant out-of-plane stresses resulting from the plane strain approximation are
apparent in the Mises stress (Fig. 7b). The constraint induced by the plane strain stress state generates
plastic deformations which are much larger than those that appear in the 3-D case. In fact, this constraint is
so great that the Mises stress becomes nearly constant within each component of the model. Comparison of
the Mises stress distributions for the 3-D models and the plane stress and generalized plane strain models
exhibit very good agreement. This is not unexpected since both the plane stress and generalized plane strain
models are able to relieve the constraint imposed by the plane strain model, thereby reducing the level of
plastic strain in the ductile portions of the specimens. However, the generalized plane strain case still
imposes a slightly greater constraint on out-of-plane specimen deformations than the plane stress case. This
constraint seems to be greater in the ductile region of the specimen when the bounding planes are not
allowed to rotate. Permitting bounding plane rotation imposes less constraint in the ductile region, while
inducing more out-of-plane bending stress in the elastic region. This condition may be appropriate for
thicker specimens, as indicated by the results on the free surface of the 20 mm thick model in Fig. 8a.
However, in general, neither case of the generalized plane strain model appears to be as appropriate as the
plane stress model for modeling the 3-D Mises stress state.

4. Conclusions

From the results of this numerical investigation, it would appear that 3-D effects in the alumina portion
of functionally graded nickel-Al,O; joints are restricted to distances within 1/2 of the specimen thickness of
the interface on the free surface of the specimen and to within 1/8 of the specimen thickness below the free
surface. The a5, singularity at the corner of the elastic portion in the 3-D models appears to be best pre-
dicted by the generalized plane strain model with or without rotation of the rigid bounding planes, while the
plane strain model does a slightly better job predicting the edge singularities. However, the intensity of the
stresses at the corner of the 3-D model is greater than the intensity of the stresses at corresponding locations
in the 2-D models, and increases with increasing specimen thickness. In the ductile regions of the model, the
plane stress model does the best job of predicting the 3-D Mises stress state, with the generalized plane
strain model also providing adequate predictions. Overall, the generalized plane strain model is the most
appropriate 2-D model for predicting the thermal residual stress distribution in a functionally graded
Ni—-Al, O3 plate specimen.
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